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Abstract

We extend the geometric subsystem quantisation programme, initiated
for the sine-Gordon kink in [1], to the double sine-Gordon (DSG) equation
— a non-integrable scalar field theory with a degenerate double-well poten-
tial. The travelling-wave (kink) sector is parametrised by the centre position
a and the velocity v. We immerse this moduli space into the classical phase
space (the PTSO [2]) of the DSG field; after restriction to a sufficiently small
neighbourhood its image is a two-dimensional symplectic submanifold (a lo-
cal embedding). The pullback of the canonical field-theoretic symplectic form
is computed explicitly and yields the canonical Darboux form dP A da with
the relativistic momentum P = Muv/v/1 —v2, where M is the static kink
mass. Deformation quantisation via the Moyal product then gives the canon-
ical commutation relation [a, P] = ih. The derivation uses only the existence
of a finite-energy topological kink and the Lorentz invariance of the theory;
it does not require integrability. The physical result reproduces the stan-
dard collective-coordinate Hamiltonian treatment of the DSG kink [4, 5], but
the method — direct pullback of the field-theoretic symplectic form and de-
formation quantisation — provides a rigorous geometric foundation for the
quantum mechanics of non-integrable solitons within the PTSO framework.
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1 Introduction

The geometric subsystem quantisation programme, initiated in [1] for the sine-Gordon
kink, is extended here to a non-integrable model. So far the programme has been
carried out for the single kink of the sine-Gordon equation. The present paper takes
the natural next step: we apply the same pullback—and—quantize strategy to the
double sine-Gordon (DSG) kink, a topological soliton in a field theory that is not
integrable. The DSG equation arises in Josephson junction arrays with second har-
monic coupling, in spin chains with competing anisotropies, and in the description
of ferroelectric domain walls. Its kink—antikink scattering exhibits fractal resonance
windows, a hallmark of non-integrability, yet the single-kink sector is as simple as
in the sine-Gordon case: it consists of a travelling wave parametrised by position
and velocity.

We show that the geometric quantisation of the DSG kink moduli space can be
performed without any use of the inverse scattering transform (IST) — the sym-
plectic form is pulled back directly from the field-theoretic phase space, using only
the explicit kink profile and the Lorentz invariance of the model. The computa-
tion mirrors the one for the sine-Gordon kink [1] and yields the symplectic form
w = dP A da with the relativistic momentum P = Mwv/v/1 —v2, where M is the
static kink mass. Deformation quantisation then provides the canonical commuta-
tion relation [a, P| = ih.

It is important to note that the physical result — the canonical symplectic
structure on the kink moduli space and the relativistic momentum formula — is
not new. A complete Hamiltonian treatment of the DSG kink using collective
coordinates was given by Willis, El-Batanouny and Sodano in the mid-1980s [4,
5]. In that approach, two canonical coordinates and their conjugate momenta are
assigned to describe the centre-of-mass motion and the internal degree of freedom
of the kink; the commutation relations are then imposed by fiat. The present work
differs in its method: instead of postulating the canonical variables, we derive them
from first principles by pulling back the exact field-theoretic symplectic form to the
moduli space and then applying deformation quantisation via the Moyal product.
This provides a rigorous, geometric foundation for the quantum mechanics of the
DSG kink and demonstrates that the geometric subsystem programme is not limited
to integrable models.

The paper is organised as follows. Section 2 introduces the double sine-Gordon
equation and its finite-energy kink solution. Section 3 recalls the definition of
the PTSO and the symplectic form of the DSG field. Section 4 defines the kink
moduli space and its immersion into the PTSO. Section 5 computes the pullback
of the symplectic form in full detail. Section 6 discusses deformation quantisation.
Section 7 summarises the results and outlines future directions.

2 The double sine—-Gordon equation and its kink

The double sine-Gordon equation in laboratory coordinates (¢, z) is
i = o+ V() =0, V(p)=1—cosp+ g(l — cos 2¢), (1)
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where £ > 0 is a coupling constant. The potential V' (¢) has degenerate minima at
¢ =0 (mod 27) and is therefore topologically non-trivial: the field can interpolate
between the vacuum 0 and the vacuum 27. When x = 0 the model reduces to the
ordinary sine-Gordon equation; for k # 0 the integrability is lost, and kink—antikink
scattering becomes chaotic with fractal resonance windows [3].

The static kink ¢(t,2) = fo(z) satisfies

@) = V(@) m fo(e) =0, Tm fo(x) = 2n. 2)
Integrating once gives 3(f})* = V(fo). The profile can be expressed implicitly, but
its exact form is not needed for the geometric quantisation. We only require that
the kink exists and that its derivative f decays exponentially as || — co — this
follows from the fact that V(fy) vanishes at the vacua and fy approaches them
exponentially fast because the vacua are non-degenerate minima of V.
The static energy (mass) of the kink is

M= [ (i) d ®)

which is finite. For a Lorentz-invariant theory, a moving kink is obtained by a boost:

Pan(t,2) = foly(z —vt —a)), v = \/1;_7, a€R, ve(=1,1). (4)

The corresponding Cauchy data at time ¢ = 0 are

Pan(z) = fo(y(x —a)),  Tap(®) = Opar(0,2) = =70 fo(y(x —a)).  (5)

3 The PTSO of the double sine-Gordon equation

The Lagrangian density in (¢,z) coordinates is £ = $(¢f — ¢2) — V(¢). The

conjugate momentum is m = ¢;. The total energy

Elp, 7] = 1/(7T2 +<pi)dx+/V(<p) dx
2 Jr R
is finite for configurations in the vacuum and kink sectors. By the global well-posedness
theorem for semilinear wave equations [6], the Cauchy data at time ¢ = 0 uniquely
determine the solution, and the set of all finite-energy solutions & is a smooth Ba-
nach manifold modelled on the Sobolev space X = H'(R) x L*(R). The canonical
symplectic form on § is

Q((¢1,m1), (¢2,m2)) = /(7T1¢2 — ma¢1) dz, (¢j,mj) € X. (6)
R

Definition 3.1 (PTSO of the DSG equation). The PDE-specific Time-Shared Ob-

ject (PTSO) [2] of the double sine-Gordon equation is the symplectic Banach man-

ifold (S,€Q) of all finite-energy solutions.



4 Kink moduli space and its immersion

Definition 4.1 (Kink moduli space). The kink moduli space is the two-dimensional
manifold Mg =R x (=1,1) with coordinates (a,v). The map

D MK — 87 (I)(CL, 'U) = (¢a,va ﬂ—a,v)a
with the Cauchy data given by (5), is called the kink immersion.

Lemma 4.2. ® is a smooth injective immersion. After restriction to a sufficiently
small neighbourhood of any point, its image is an embedded submanifold of S.

Proof. Smoothness: The static kink profile f, is C'"* because it solves an ODE with a
smooth nonlinearity V’. Moreover, f§ and all higher derivatives decay exponentially
as |x| — oo (the vacua are non-degenerate). The expressions for ¢,, and m,, are
compositions of the smooth map (a,v) — v(z —a) with f, or f}, and multiplication
by smooth functions of v. For each fixed (a,v), the resulting functions belong to
H'(R) and L*(R) respectively, and the map (a,v) = (dgr, Tar) from R x (—1,1)
to X = H'(R) x L*(R) is Fréchet differentiable, with derivatives given by the
pointwise expressions computed below. The exponential decay guarantees that
these derivatives lie in X and that the map is continuous in the H* x L? topologys;
iteration yields smoothness.

Injectivity: Suppose ®(ai,v1) = ®(ag, v3). From the field component we have
fo(yi(x —a1)) = fo(re(x — ag)) for all x. Because fy is strictly monotone, it is
invertible, so 1 (x —a1) = Y2(z — ag). Varying x shows that the two affine functions
are identical, hence 71 = 79 and vy,a; = a2, which yields a; = ay and |v1]| = |vs].
Now use the momentum component: —y,v1 f(71(z — a1)) = —Yv2f{(12(z — a2)).
With 73 = 72 and a1 = a9, and the fact that f{ is not identically zero, we obtain
v1 = v9. Hence P is injective.

Immersion: We compute the tangent vectors 9,® = (9,¢,0,7) and 0,& =
(Op¢, 0ym) as elements of X. They are given explicitly in (7)—(8) below, and belong
to X because f{, fi decay exponentially. To prove linear independence, suppose

010a®+0281)(1>:0 in X.

Since & embeds continuously into C'(R) x C(R) (by Sobolev embedding in one
dimension), the equality holds pointwise almost everywhere, and by continuity of
the functions involved, everywhere. We may evaluate at a convenient point. Choose
x = a, so that z = y(z — a) = 0. At this point the expressions simplify:

= _7f6(0)7

= —70(0) = ¥’v* f5(0) = v*v*(a — a) f5(0)
= —7fo(0)(1 +7*v%).
Insert these into the linear combination:
c10.0(a) + ¢20,¢(a) = —c175(0) = 0,
c10,m(a) + 2 0,7 (a) = e1v?vfy(0) — ey f5(0)(1 +7*?) = 0.
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Because f(0) # 0 (the kink is not flat at the centre), the first equation gives
c; = 0. Substituting into the second equation yields —coyf5(0)(1 + v*0?) = 0,
whence ¢y = 0 since 7 > 0, f{(0) # 0, and 1 + ~y?v? > 0. Thus ¢; = ¢, = 0, proving
that the differential d®, ) is injective at every point. Hence ® is an immersion.
Finally, an injective immersion from a finite-dimensional manifold into a Banach
manifold restricts to an embedding on a sufficiently small neighbourhood of each
point; this is a standard consequence of the inverse function theorem for Banach
spaces. ]

5 Pullback of the symplectic form

We now compute the closed two-form wx = &*Q2 on M.

Proposition 5.1. wx = dP A da, where P = M~v 1s the physical relativistic
momentum of the moving kink.

Proof. Let z = y(x — a). We need the partial derivatives of the Cauchy data with
respect to a and v. We compute them carefully.

Tangents with respect to a:

Gap(r) = folz),  z=r(z—a),
0at = [o(2) Oaz = fo(2) (=7) = =1f5(2),
Tap(®) = =70 fo(2),
0um = =0 f3(2) 0z = =0 f3 (2) (=7) = +7°0 f (2).
Tangents with respect to v: Recall v(v) = 1/v/1 — 2, s0 9,7 = vv>.
vz = 0y [y(x — a)] = (. — a) 0y = (x — a) vy,
0v = fo(2) 0vz = fo(2) (z — a)vy’ = 7% (z — a) fi(2),
O, = 31;[—’71’ fé(z)} (8)
= —(0:7) v f5(2) =7 fo(2) — v f5(2) Dpz
= — () v fo(2) = 1fo(2) =10 f5(2) (& — a)vy?
= —7fo(2) =7’ fo(2) — v (@ = a) [ (2).
All functions appearing here are smooth and decay exponentially, because f

and fJ do. Hence each tangent vector lies in H'(R) x L*(R), as required.
Now form the pullback of the symplectic form evaluated on the coordinate basis:

wig (04, 0y) = / (OaT Dyp — By Du9) d.

R

Insert the expressions:
0am 0,6 = (+770 f5 () (v*v (x = @) f(2)) = 7"v*(x = a) f5(2) f5 (=),
0y Outp = [—1fo(2) = 70 fo(2) = "0 (x — a) fi (2)] [=f5 ()]
= +7°(fo)* + v (fo)* + "0 (x — a) fy(2) f5 ().
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Subtracting the two terms, the odd part containing (x — a) cancels exactly:

0um Dyp — By Dup = V0*(x — a) fo fg — [V*(fo)* + 12 (fo)? +7°0* (2 — a) f fo]
== (f0)* =" ()
Therefore

onc00,0,) = = [ (27 9" ()" do

R
Change the integration variable to z = y(z — a), so dz = dz/~:

2 4,2 00
+ v 2
Wi (0, D) = —%/ (f5(2))* d=.
Now simplify the factor using the identity

2

1 — 0?2

1

72 +74v2 _ 72(1 +7202) _ 72(1 i —

Thus 4

Wi (Day Oy) = —77 M = —M~*,

Finally, we relate this to the physical momentum. Define P = M~wv, which is
the standard relativistic momentum (positive for v > 0). Then

dP = M d(~yv) = M(fy dv+v dfy) = M(’y dv+v-vy? dv) = M7(1+v2fy2)dv = M~? dv.
Hence

wg = —M~3da A dv = —da A dP = dP Ada.
Thus wg is globally Darboux on M g, with canonical coordinates (a, P) and Poisson

bracket {a, P} = 1. O

Remark 5.2 (Sign convention). The canonical symplectic form on the field phase
space is taken as Q = [(0m A d¢)dx. With this convention, the pullback to the kink
moduli space yields wx = dP A da and the Poisson bracket {a, P} = 1. The same
convention is used in the geometric quantization of the sine-Gordon kink [1] and
will be maintained throughout the programme.

6 Deformation quantisation

The Moyal product on C*°(Mg)[[R]],
frg=1T1 e@(%i(gaa_; = E@i)) 9,

provides a deformation quantisation of the Poisson bracket {a, P} = 1. In par-
ticular, a x P — P x a = th. Choosing the Schrodinger polarisation dp = 0
yields the Hilbert space L2(R,da) with the Hamiltonian H = \/—h29% + M2, the
semi-relativistic energy operator of a free quantum particle of mass M.

This completes the geometric subsystem quantisation of the DSG kink.

8



7 Conclusion and outlook

We have shown that the geometric subsystem quantisation programme extends
rigorously to the double sine-Gordon kink, a non-integrable scalar field theory.
The key ingredients — a finite-energy topological kink and Lorentz invariance —
are sufficient to pull back the field-theoretic symplectic form to the two-dimensional
moduli space and to quantise it. No integrability or inverse scattering machinery
was used.

The resulting symplectic structure and the commutation relation [a, P] = ik
reproduce the well-known collective-coordinate Hamiltonian treatment of the DSG
kink [4, 5]. The essential novelty of the present work lies in the method: instead
of assigning canonical variables by hand, we derived them from the fundamental
field-theoretic symplectic form via an explicit pullback, and we applied deforma-
tion quantisation (the Moyal product) directly to the resulting finite-dimensional
symplectic manifold. This provides a rigorous geometric foundation for the quan-
tum mechanics of the DSG kink and demonstrates that the geometric subsystem
programme is not restricted to integrable models.

The symplectic form on the translational moduli space takes the form dP A da,
with P the relativistic momentum and M the static mass, in both the sine-Gordon [1]
and double sine-Gordon cases. This common structure suggests that the pro-
gramme can be extended to any relativistic scalar field theory with topological
kinks. The next natural steps are:

e Extending the pullback to models with several kink species, such as the ¢°
model with multiple vacua, where the moduli space becomes a disjoint union
of symplectic manifolds.

e Including internal shape modes that are not zero modes but can be treated as
additional collective coordinates; this would require a more general geometric
framework.

e Quantising multi-kink scattering states in non-integrable models, where asymp-
totic factorisation still holds and the additive IST formula is replaced by the
direct pullback of the symplectic form to the product of single-kink moduli
spaces.

These directions are currently under investigation.
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